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ABSTRACT S
ABSTRACT ) /¢

Steady state and dyuamic characteristics of two basic journal bearing
geometries have been obtained both theoretically and experimentally, in
laminar and super-laminar flow regimes. This data covers the ranges of
eccentricity ratios up to 0.9 and of Reynolds Numbers up to 13,400.
Comparison of the theoretical and experimental data is presented to check
the validity of turbulent lubrication theory. The parameters investigated
include: steady state load, attitude angle, film pressure distribution,
fluid film stiffness, fluid film damping, and dynamic ferce and displacement

orbits as functions of journal eccentricity and fluid film Reynolds Number.
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1



TABLE_OF CONTENTS i

FOREWORD - cmem e ceciceccescccmccmmcccccccccmce—cc—e———= ii

I. INTRODUCTION oL e e cecmcccmcmccccecccc~——cmmcam—————— 1
II. SUMMARY CONCLUSIONS AND RECOMMENDATIONS  wcccccmcmccmceaea 2
I17. CALCULATED JOURNAL BEARING DESIGN CHARTS wccieccccemc;camee 4
IV. DYNAMIC LOAD BEARING APPARATUS o occmeecccccmcmcmee 6
1. Mechanical Features of Apparatus .o c;ccccmcccacaaan 6

2. Instrumentation o o e mc e m————— 9

\ BEARING STATIC LOAD PROPERTIES oo e caccac;cccane 13
1. Partial Arc Bearing Static Load Capacity . _.o_o_.___._ 13

2. 360 Degree Bearing Static Load Capacity «a-m-cecamc-a--- 14

3. Bearing Film Pressure =-----we--e-cccecoreeemoccaccaca- 15

VI. PROCEDURE FOR DETERMINING BEARING DYNAMIC PROPERTIES ~-cce--- 17
VII. MEASUREMENT OF BEARING DYNAMIC PRDPI'RTIES accacccvmccmcccan- 20
1. Laminar Flow ResUltS e cccccmccccmcc e 20

2. Partial Arc Bearing Results in Turbulent Flow Regime - 21

3. Full Cylindrical Bearing in Turbulent Regime -...__-.__. 24

4. Experiments with Counter Rotating Load . ... ____.. 25

VIII. DISCUSSION OF DYNAMIC LOAD RESULTS cccccccecccccccmccacaaca- 28
AP PENDLX 1 o e e e cemm e e ccccee—c———c——o—— 30

1. Nomenclature . ... cccccoeccmccoamcaaean 30

2. Introduction oo iceciimimccccmcoccammecacmnecm———— 32

3. Stiffness and Damping Coefficients of a Journal Bearing 34

4. Numerical Solution of the Incompressible Lubrication

EqQUation o n e ccccdaccmcccmccemcceeme—a—on 37
APPENDLX 2 e e e e— e e — e —m———— 45
REFERENCE S o e e e e e e e e e e 51

FIGURES



'i.i'
Foreword

In classical analysis of fluid bearings, it is assumed that the lubricant flow
in the clearance space is laminar. This is generally true of conventional bearings
which have small clearance (of the order of 10-3 inches) and which are lubricated
with hydrocarbon oils whose kinematic viscosity is high (of the order of 10-2 to

-1, .2,
10 © in"/sec).

In recent years, however, there have been an increasing number of applications
where, due to high speed operation and use of unconventional, low viscosity
lubricants, the bearing clearance flow is in the super-laminar regime. These
applications have generally been associated with process fluid lubrication,

vhere the cycle fluid is used also to lubricate the bearings of the system.
Process Fluid lubrication is sometimes necessary because environmental conditions,
such as extremes of temperature or radio-activity preclude the use of a hydro-
carbon oil system for lubrication. 1In other cases, process fluid lubrication

is used in order to remove a contamination hazard and/or to achieve the

potential gains in efficiency, compactness and reliability that are made possible
by elimination of an auxilliary fluid system and of cycle fluid to oil seals.

An important application of process fluid lubrication is Rankine Cycle turbo-
machinery for dynamic power conversion in space vehicles. Such turbo-machinery
is now under development, using mercury and alkali metals as cycle fluids.
Rational design data for super-laminar flow bearings is necessary to prevent
costly trial and error bearing development for this turbo-machinery and to allow

selection of optimum bearing designs.

The program reported here was undertaken to investigate journal bearing per-
formance in the super-laminar flow regime. Emphasis in the investigations was

placed on the following:

1. Dynamic properties of journal bearings in super-laminar regime,

2. Fluid film phenomena in super-laminar regime.



Super-laminar flow occurs in high speed bearings. The problems encountered

are therefore those associated with rotor bearing dynamics such as:

a) rotor-bearing critical speeds
b) fluid film response to dynamic loads

c¢) fluid film instabilities

rather than with steady state load capacity. Thus, steady state data is not
sufficient for design of high speed rotating machinery. The response of the
fluid film to dynamic loads must also be defined. In the investigation that
is reported here the stiffness and damping coefficients (as well as steady
state load capacity and attitude angles) of basic bearing geometries were

computed from theory and measured in a specially constructed test rig.

* starting part of the theoretical investigations was the turbulent lubri-
cation equation that had previously been derived (Ref.4). Extensive compari-
sons were made between theoretical prediction and experimental findings in
order to establish a level of confidence for the theoretical analsis of turbu-
lent lubrication. In all parts of this study, the theoretical and experimental
investigations in super-laminar flow regir: were preceded by similar investi-
gations in the well understood laminar flow regime. These preliminary laminar
flow studies provided early verifications of the test rig, instrumentation and

experimental procedure.

The conclusion of this work is that the turbulent lubrication theory that was
derived in Ref. 4 predicts journal bearing performance in super-laminar flow
regimes quite well, Equally good agreement was obtained when comparing turbu-
lent lubrication theory with experimental data in super-laminar flow regime,

as was obtained between laminar flow theory and tests data in laminar regime.
Thus, it is now possible to proceed with generation of design data for optimized
bearing configurations for high speed, low viscosity operation. Optimization
of design is particularly important here to avoid fluid film instabilities

and to minimize the power losses due to the sharp rise in friction that accom-

panies transition to super-laminar operation.
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This work, including a set of design charts for two basic bearing geometries
in laminar and super-laminar regimes (up to a Reynolds Number of 13000),

is described in this volume of the final repoct.

The second part of the work recently completed, was concerned with detailed
study of the fluid film phenumena in superlaminar regime. Super-laminar
flow in journal bearings is complicated by the fact that there are two
distinct modes of such flow. The first is vortex flow that occurs in an
annular gap between a rotating inner cylinder and a stationary outer one.

Above a critical value of Reynolds number which, for a concentric annulus,

= (¥C - R
Recrit. B (V )crit. 41'1¢C;

Reynolds Number

Surface speed of shaft (in./sec)
Radial clearance (in.)

Kinematic viscosity (in“/sec)
Shaft radius (in) ,

is given by:

where:

Tl
o]
nowononon

pairs of torroidal vortices are formed in the clearance space due to centri-
fugal forces on the fluid. Vortex formation is accompanied by a sharp rise
in friction. While this is not a true hydrodynamic instability, it produces,
similar effect, when occurring in a journal bearing, i.e. high friction,
increased load capacity and higher attitude angles. The rotation speed at
which vortices are formed is affected by both circumferential and axial

pressure gradients and they can be inhibited by a strong axial flow.

Fully developed turbulence, on the other hand, will set in when:

Yh 5 1000 to 1500

<

where h = film thickness (in.)

Thus, depending on the value of the clearance ratio (%), either vortex flow or

fully developed turbulence can first occur. In addition, under eccentric
conditions the bearing (i.e. when the journal centev is displaced relative

to the bearing center due to an imposed load), both the film thickness and



the pressure gradients vary around the annular space such that different
flow regimes (laminar, vortex and true turbulence) may occur in different

regions of the film.

In order to better define the complex, physical conditions in super-laminar
bearing films and to define the ranges of applicability of the laminar and
turbulent theories, a study of the film phenomena was conducted. The clearance
used in these tests was much larger than conventional bearing clearances,

to permit visual study. Accurate torque measurements were used to detect
transition speeds as a function of eccentricity and axial flow. Visual
studies were also made of the flow in the different regimes. In particular,
accurate determination of friction torque was obtained for Reynolds Numbers
up to 40,000 and eccentricity ratios up to 0.89. This work is described

in the second volume of the final report. A motion picture record of the
visual studies of vortex flow and turbulence in annular films was also

made and issued to N.A.S,A, as part of the reporting on this program.
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I. INTRODUCTION R

Prior to the investigation reported here, there had been only very limited
accurate experimental work conducted with journal bearings operating in super-
laminar regime (Refs. 1,2 and 3) and there had been nn published test data

on performance of such bearings under dynamic loads. Thus, it was not possible
to properly assess the validity of turbulent lubrication theory from which
rational design data could be obtained for journal bearings operating at

high speed with low kinematic viscosity lubricants.

In the investigation reported here, the steady state and dynamic performance
of basic bearing configurations were both determined experimentally and cal-
culated using the eddy viscosity, turbulent lubrication theory (Ref. 4). The
major part of the work was concerned with dynamic behavior of the bearings,
since this_is the critical area in high speed journal bearing operation. The
dynamic properties of bearings permit calculation of rotor response to dyna-

mic loads, rotor-bearing critical speeds and fluid film instabilities.

The computations and tests were limited to two basic bearing configurations:

a) plain circular,

b) 1000, centrally loaded, partial arc,

in order to insure that comparison between theory and test could be accurately
made over a wide range of Reynolds Numbers. Design charts have been prepared
for these bearings for steady-state (load and attitude angle vs eccentricity
ratio and Reynolds Number) and dynamic (stiffness and damping coefficients vs

Sommerfeld Number and Reynolds Number) operation.

The tests were made for the following conditions:

Bearing: Arc Length, Degrees 360 100 100
L/D 1 1 1
¢/R, in/in 4x1073 2x10”3 4x1073
Speed 2000 to 11,000 rpm
Unidirectional Load to 1000 1b
Rotating Load to 100 1b
Rotating Load Frequency 2000 to 24,000 cpm
Lubricant 0.65 c.s, silicone (77F) viscosity at 210F

viscosity temperature coefficient (1 = 0,31

viscosity at 100F



IT SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

The steady state and dynamic characteristics of two basic journal bearing con-
figurations have been analyzed both theoretically and experimentally, with

laminar and super-laminar flow in the fluid film.

The analysis and comparisons between theory and test were made for the following

parameters:

1. Steady state load vs Eccentricity ratio and Reynolds number.
2. Steady state attitude angle vs Eccentricity ratio and Reynolds number.

3. Steady state pressure distribution vs Excentricity ratio and Reynolds
number.

4, Fluid Film Stiffness vs Sommerfeld Number and Reynolds Number.
5. Fluid Film Damping vs Sommerfeld Number and Reynolds Number.

6. Dynamic Force and displacement orbits for the range of eccentricity
ratios and Reynolds numbers of the tests.

The investigations were carried to eccentricity ratios of 0.9 and Reynolds

numbers of 13,400.

It is concluded from this work that the present theory of turbulent lubrication
predicts the steady state and dynamic journal bearing performance in super-
laminar regions with good accuracy. 1In fact, the results have shown that
agreement between turbulent bearing theory and super-laminar film bearing tests
was equally as good as that between laminar theory and laminav flow tests.
Since the present turbulent lubrication theory is free of factors which are
functions of bearing geometry, it is felt that this theory can now be used to
generate design data for the more complex bearing geometries that should be
used for high speed turbo-machindry operating with low viscosity fluids. 1In
such turbo-machinery, the dynamic characteristics of the bearings are particu-
larly important since the critical problem areas are those of rotor-bearing

dynamics, rather than of steady state load capacity.

Continued work on dynamics of rotor-bearing systems with super-laminar flow in

the bearing film should now be conducted in the following areas:



Theoretical and experimental analysis of pressure generation in
the vortex flow region, since this aspect of super-laminar bear-

ing operation is still improperly defined.

Design and test of practical bearings for high speed, low viscosity
operation. Such bearings need to be inherently stable (or at least
have a threshold of stability which is higher than the maximum operat-
ing speed). Also, in view of the sharp rise in fluid film friction
that accompanies transition to super-laminar flow, optimum design has
to be selected from the standpoint of minimum friction power loss.
This is a critical factor in future Rankine Cycle turbomachinery for
dynamic power conversion in space vehicles, since poorly designed
bearings can consume a significant fraction of the power output. 1In
addition, to reduced system efficiency, such high friction power loss
poses problems of life and reliability due to high local temperatures

~and temperature gradients.

Comparison of the calculated and measured steady state and dynamic
performance of such optimized bearings, in order to insure that the
theory and design calculation methods that are available correctly
predict performance of complex bearing geometries in super-laminar

flow regions.

Preparation of design charts for the range of practical bearing

geometries and sizes useful for space power turbo-machinery.



III.

CALCULATED JOURNAL BEARING DESIGN CHARTS

The turbulent lubrication equation was previously derived in Ref. 4.
The mathematical analysis leading to it was also given in an Appendix
of Ref. 5 and will not be repeated here. The procedure for the numeri-
cal integration of this equation, to calculate pressure distribution,
load capacity and attitude angle as well as the stiffness and damping
coefficients, is described in Appendix 1 of this report. This Appendix
also discusses the dynamic characteristics of journal bearings and

the use of these in rotor-bearing dynamics analysis.,

In this program, the calculations were made for the following bearing

geometries:

1. 360°, plain circular, L/D = 1
2. 100° arc, centrally loaded, L/D = 1

for comparison with the tests data.
The results of the calculations are plotted in dimensionless form in
Figs. 1 through 32. The symbols used in the charts are defined in

the Nomenclature of Appendix 1.

Fipures 1 and 17, show, respectively, the eccentricity ratio-attitudeangle
loci for the full circular and the 100° arc bearings. These figures show
that there is an increase in attitude angle that accompanies transition

to turbulent flow in the film, thereafter however the rate of increase of

the attitude angle with Reynolds number is quite small.

Figures 3 thrcugh 17 and 19 through 32 show the stiffness and damping
coefficients for the full circular and the 100° arc bearings respectively,
as functions of the steady state Sommerfeld Number and the mean clearance
Reynolds Number. As shown id Appendix 1, four stiffness coefficients,J
(K%x’Kgy’ny and Kyy) and four damping coefficients (EQx’Cﬁy’ny and ﬁyy),
are required to define the response of the fluid film forces to dynamic

loads. The stiffness coefficients are the gradients of the fluid film



force vs journal center displacement curves, calculated about the steady
state position of the journal center. The damping coefficients are the
gradients of the fluid film force vs journal center velocity curves, also

calculated about the stéady state position of the journal cenier.

1t should be noted that eight coefficients are required because the
ciiange in fluid film force that accompanies a displacement or velocity

of the journal center is not co-linear with the displacement or velocity.
Thus, if the journal center is displaced along any given axis (or if a
velocity is imparted to it), the resulting change in the fluid film force
will have components both parallel and normal to the direction of the

displacement (or velocity).

The stiffness and damping coefficients plotted in Figs. 3 through 18 and

19 through 32 have been calculated for the (x,y) coordinate axes shown

in Fig. 79, where the x axis is parallel to the direction of the steady state
load and the y axis is normal to it. 1In each coefficient, the first sub-
script defines the direction of the fluid film force, while the second sub-

script defines the direction of the displacement or velocity. Thus,

- c C JF = cw Co OFy,
= = = — X = - =

Kxx W Kxx WS i Coext W Cyx = W- 5%

- C C OF - Cw o OFy
= - = - X = — = A

ny W ny W dy ’ ny W xy W 5y

and, similarly, for the other coefficients.
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1.

DYNAMIC LOAD BEARING APPARATUS

Mechanical Features of Apparatus

The basic mechanical arrangement of the apparatus consists of one support
bearing and one test bearing each located near the ends of a long shaft.
The shaft is driven from the support bearing end and rotating and uni-~
directional loads are applied at the test bearing end. Figure 33 shows

the general layout of the main components and Fig. 34is a photograph of the

completed apparatus.

It is desirable to work with a relatively large diameter test bearing from
consideration of access for instrumentétion, low power consumption to obtain

a given concentric film Reynold's number for a bearing of fixed C/R, and to
obtain amplitudes of shaft motion which can be accurately measured with readily
available instrumentation. A lcong span between test and support bearings is
desirable té maintain alignment of the shaft and test bearing as the shaft
center moves around the bearing clearance, and to minimize interaction of
dynamic effects between bearings. A four inch diameter test bearing with a
span between bearings of 10 times shaft diameter was chosen as representing

a good balance between these considerations and those.of overall apparatus

size, the magnitude of required applied loads, and shaft stiffness.

Intepretation of the data from this apparatus could be made easier by placing

-the test bearing at the center of percussion of the shaft so that there will be

no rotating load reaction forces on the support bearing. Determination of the
forces acting on the test bearing is greatly simplified if this is possible
within the framework of other practical design considerations. From a brief
analysis it was apparent that it was not practically possible to locate the
test bearing at the center of percussion. Consequently arrangements were made

to measure force at the test bearing directly.

The natural frequencies of the shaft as a spring supported rigid beam and as a

simply supported flexible beam were calculated, The simply support flexible
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shaft natural frequency is about 100,000 cpm, nearly an order of magnitude
above the maximum operating speed. From estimated values of test and
support bearing stiffness, there should be one and perhaps two rigid body

critical frequencies in the operating speed range.

The main drive for the shaft is a 1770 to 11,500 rpm, 7-1/2 HP variable

speed electric drive which is coupled to the shaft at the support bearing

end through a dynamically balanced, flexible disk coupling. The support
bearing consists of a preloaded pair of super precision, 107 size, angular
contact ball bearings. If the shaft is perfectly aligned when in the.center
of the test bearing, a 10 mil clearance radius represents a misalignment angle
of less than 0.05 degrees so there should be very little restraint to shaft
motion in the test bearing from the support bearing end. The force required
tp move the shaft around the test bearing clearance with no rotation is less
than 1-1/2 lbs. variation about the 50 lbs. required to just lift the shaft
off the bottom of the bearing. The test bearing pedestal is designed to
accept bearings with L/D of up to 1-1/2. 1In all cases the bearing outer
envelope is a cylinder of 6 inches 0.D. The test bearing is made of leaded
bronze and is held in the pedestal by two force gages oriented &t right angles
which force the bearing under preload against two short locating arcs positioned
opposite each force gaée in the pedestal. That is, the bearing is held at four
points in two orthogonal planes with one force gage located at the axial mid-
point and one locating arc opposite and extending over the entire length of the

bearing in each plane.

Alignment of the test and support bearings is obviously a matter of great
importance in the design and construction of an apparatus of this type. The
base plate on which the bearing pedestals are mounted was planed flat within
0.002 inch total and a straight edge keyway was cut into its top surface ex-
tending over its full length. Matching keyways are cut into the bottom surface
of the bearing pedestals and the bearing locating surfaces are reinforced from
tﬁe bottom and keyway surfaces. Aligmnment is checked each time the bearing

is changed by several methods including dial indicating from the shaft to the

bearing face which is machined on the same setting as the bore, and comparison



of the clearance circle as measured by the proximity sensors while rolling
the shaft in the bearing with the clearance determined from separate

measurements of shaft and bearing diameters. There has been no difficulty
in obtaining bearing face runouts of less than 0.0005 TIR and no measurable

depar-ure from expected clearances.

The shaft is made of steel tubing with shrink fitted end sections, Fig. 33,
The shaft 0.D. is coated with flame plated tungsten carbide in the test bear-
ing area to avoid damage to the shaft in the event of a test bearing fajlure,
Finish specifications for the shaft include concentricity of test bearing and
support bearing diameters of 0.0002 inch TIR, roundness and uniformity of
diameter in the test bearing area within 0.0002 inch total and concentricity
of all remaining diameters including the tubing bore of 0.001 inch TIR. The
shaft was balanced first in a balauncce stand at low speeds and then in place
in the apparatus of speeds up to 11,000 rpm. Fortunately, the unbalance was
small, appeared to be evenly distributed along the shaft, and acted in the
same direction at all planes. Evidently it was caused by slight non-concen-
tricity of the tubing bore and 0.D. This made it comparatively easy to dis-
tribute the corrective weight changes along the shaft length with about the
same distribution as the original unbalance. Failure to do so would result
in shaft bending mcments so that the shaft could be well balanced at one

speed and badly out of balance at higher and lower speeds.

Unidirectional, downward load is applied to the inboard ball bearing at the
test bearing end of the shaft, Fig.33 by a cable which goes around a pulley
to a large, low spring rate (125 1b/in) compression spring on the test bear-
ing end of the apparatus base. Rotating load is applied in one of two ways.
For independent control of load frequency and direction, unbalance weights
are attached to the housing mounted on the outer race of the outboard ball
bearing, Fig.l, and the housing and outer race are driven in either direction
by a small universal electric motor through a flexible disk coupling.
Syncronous unbalance load is applied by replacing the rotating load bearing

with a disk to which unbalance weights can be attached.



Lubricant is supplied to the test bearing by an internal gear pump driven

by an air motor for variable volume delivery.» The pump is submerged in

the sump which is equipped with a heater. A cold water to oil heat ex-
changer is located in the delivery line with temperature measuring instru-
mentation at its outlet. Temperature is measured also at the trailing edge
of the partial arc bearings, and at the same position on the 360 degree bear-
ing, by a thermocouple flush with the bearing surface. Lubricant temperature
rise from inlet to trailing edge is normally quite small and the temperature

midway between is taken for determination of lubricant viscosity.

Initially the pa:rtial arc bearing design consisted of a cylinder with its

I.D. relieved except for the bearing arc. Preliminary experiments showed

that there was a substantial effect of velocity head generated in the relief
area ahead of the step at the bearing inlet. Attitude angles in excess of

90 degrees were obtained at most eccentricity ratios below about .7. To
correct this, relief slots were machined into both sides of the bearing under
the bearing arc so that any pressure at inlet is relieved by bypass flow to
the arc exit. Figure 35 is a photograph of modified partial arc bearing which
is also equipped with taps for pressure measurement. The bypass slots ex-

tend into with 1/2 inch of the bearing centerline so the bearing pad is

held by a 1 inch wide web at the centerline.

Instrumentation

To obtain the static and dynamic properties of the testbearing the following

measurements were desired:

(a) Locus of the shaft center within the bearing clearance,

(b) Dynamic component of force applied by the shaft to the
bearing.

(c) Dynamic motion of the shaft at test bearing and support
bearing ends.

(d) Steady state and rotating load magnitude,

(e) Markers to indicate when the dynamic load vector is in
each of two known directions.

(d) 0il film pressures,
(e) Shaft and dynamic load speeds.
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Eddy current displacement probes were used for shaft locus measurements.
Probes were located to measure vertical and horizontal displacement at
both ends of the test bearing with outputs of the probes in the same plane
averagedby summing amplifi-rs to effectively eliminate nonlinearity in
dynamic response at very high eccentricities caused by bending of the shaft.
Probes were also located at the support bearing end of the shaft so the
overall shaft motion could be determined. The displacement probes were
calibrated in a bench micrometer fixture with direct reading divisions of
1 micron using same material as the shaft is made of for the reference
surface. The sensitivity of all probes was adjusted to give matched outputs
of 0.004 inches + 0.0001 inches per volt. The displacement probes at the
test bearing are located in special mounting rings at either end of the bear-
ing housing, outboard of the seal and scavenging rings,where effects of temp-
erature change are minimal and the gap between probe tip and reference surface

is free of lubricant.

The force gages used to hold the test bearing in place and measure the dynamic
force transmitted to the bearing from the shaft were piezocelectric crystal
gages. The high stiffness, 5x106 1b/in and great sensitivity to dynamic load
changes, 10mv/1b output, together with high static load capacity, 5000 1bs.,
of these gages fitted them extremely well for this application. The force
gages were calibrated by applying known loads in known directions to the

shaft through the steady state load bearing with the shaft rotating and re-

cording the reaction on the oscilloscope.

Displacement and force measurements were displayed on an oscilloscope with
horizontal and vertical components fed into the x-y axis. Shaft center locus
within the test bearing clearance is displayed at all times on one oscillo-
scope., Any of the two sets of displacement measurements or one set of force
measurements can he switched onto a second oscilloscope with AC coupling and
high gain to measure dynamic components. Variable electronic filters set for
band pass operation are placed ahead of the inputs to the oscilloscope used
for measurement of dynamic components. A low pass filtering operation is

needed to eliminate high frequency random fluctuation from the signal which



are caused by small inhomogenities or stray magnetic fields in the shaft
which were not eliminated by a demagnetization treatment. The high pass
operation is needed to reject the fluctuation caused by limited amplitude
fractional frequency whirl which exists over part of the operating range.
When displayed on the x a .1 y axis of the scope, the characteristic force
or displacement locus pattern is an ellipse This ellipse can be describe:l
completely if the x and y coordinates ~f two points which avre separated by
a known angle are given. The two magnetic pickups which mark the passage
of the rocating load vector are used to indicate measurement points of
known angular separation. This is done either by superimposing the pickup
outputs onto the force or displacement signals briefly to mark the measure-
ment positions on the ellipse or by feeding the amplified pickup output
onto the scope z axis to momentarily brighten the trace at the measi..ement

position.

There is some interaction of the horizontal and vertical force gages for the
mounting method which was used. That is, a vertically directed force will
result in some reaction from the horizontal gage aleo so that the direction
indicated on the oscilloscope is at a small angle to the vertical, about

15 degrees. This is caused by elastic deflections of che bearing.and hous-
ing and by the fact that the gages are sensitive to shear loading. Accord-
ing to calibration experiments, the effect is uniform for all directions of
force application so correction is made simply by shifting the coordinates
on the oscilloscope screen by the correct angle to bring the reference and

indicated directions into conformity.

Unidirectional load magnitude was determined from measured deflection of the
load spring which was calibrated in a universal test machine., Rotating load
magnitude is determined from unbalance mass, radius of the point of attachmen:
to the shaft and frequency of rotation, Shaft speed and load rotation speed
were measured by a frequency meter with magnetic pickups semsing set sctew
markers as the input. Magnetic pickups were used also to mark the precise
time at which the rotating load was in each of two orthogonal positions by

sensing passege of the cap screw which served as the exciting force.



Bearing oil film pressure was measured by taps connected to 4-1/2 inch

test qualify pressure gages. The taps were installed in one bearing of

100 degree arc with C/R of 4 x 10-3 in/in. They were atrranged in a cross
formation with 5 taps around the bearing arc at the midplane and 5 taps
across the bearing length at the center of the arc. 1In this and all experi-
ments with partial arc bearings, the unidirectional load line passed through
the center of the bearing arc. No attempt was made to measure fluction

in response to dynamic load.

-12-
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BEARING STATIC LOAD PROPERTIES

Measurements of steady state load capacity have been made for 100 degree

partial arc bearings of C/R = 2 x 1073 in/in and C/R = 4 x 1073 ia/in

and for the 360 degree, C/R = 4 x 10"3 in/in bearing covering a range of

Reyriolds Numbers (based on concentric bearing clearance) from laminar flow
to 13,300. 1In addition the static load pressure distribution in a partial

arc bearing was measured for a range of values of Reynolds number and

eccentricity ratio.

Partial -Arc Bearing Static Load Capacity

Unidirectional, steady state load capacity experimental data points are super-
imposed on the corresponding theoretical curves of dimensionless load parameter
plotted against eccentricity ratio, Figs.36 through 4Q. In «ll cases the load
line bisects the bearing arc. The laminar flow theoretical curve )

is included in each figure for comparison with the results at various Reynolds
numbers. Laminar flow experimental data is plotted along with the Re = 1665
data in Fig. 3& The correlation between theory and experiment is excellent,
especially at higher values of €. The experimental load capacity becomes
somewhat higher than the theoretical curve at values of ¢ below about .5
probably because the applied unit load has become quite small (usually only

a few psi) and the effects of even a very small velocity head at the bearing

inlet are felt.

There is a small but consistent difference in experimental results for the two
values of C/R. The measured load capacity, in terms of dimensionless load,

of the 4 mil C/R bearing is slightly higher than that of the 2 mil C/R bearing.
This may be a real effect attributable to a difference in Taylor numbers, and
thus to a difference in vortex flow characteristics, even though the Reynolds
numbers are equal. The difference might also be explained by an error in
clearance measurement. A reduction in the value of clearance of about 4 per-
cent or .32 mils for the 4 mil C/R bearing would bring the results into close
agreement. Such an error is possible but not very likely considering the

accuracy of the gaging equipment used in inspection of the shaft and bearing.
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Attitude angle-eccentricity data are given in Figs.4l and 42. Here again
agreement is good, though the effects of Reynolds number are not apparent
as they were in the load capacity data due to much smaller variation in
attitude angel with Reynolds number and somewhat more experimental data

scatter.

360 Degree Bearing Static Load Capacity

Steady state load capacity data and theoretical curves for the 360 degree
bearing are given in Figs. 43 through 46.. Agreement with the theory is
not as» good for this bearing. The correlation between experimental and
theoretical attitude angle-eccentricity results (Fig. 47)) in particular

is not as good as it was for the partial arc bearing. The explanation for
this is associated with lubricant supply conditions and conditions in the

unloaded part of the bearing where film rupture is expected to occur.

The boundary conditions for the 360 degree bearing in the turbulent flow
theory as well as in the classical iaminar flow analysis are that the load

carrying film begins with p = 0 at the point where the surfaces begin to
dp
de
order to maintain this assumed film extent a specific lubricant supply rate

converge and ends with p = = 0 at some angle behind the load line. 1In

is required. In ordinary bearing applications it makes little difference if
the actual lubricant supply rate differs some from the assumed, especially in
the direction of oversupply. Some change in active arc length will result
but: the pressure gradients and pressures are small where the film begins so it
is usually considered that any small error in pressure distribution at that
point will have little effect., Likewise, film pressures in the loaded arc of
the bearing are usually many atmospheres so if the pressure in the film rup-
ture region is not exactly atmospheric as assumed in the theory there is no
noticeable effect. Unfortunately, the pressures in the loaded region of the
film are unusually low for the bearing and conditions used here because of
extremely low kinematic viscosity of the lubricant and comparatively large
clearance ratio which are used to achieve high values of Reynolds number.

The load capacity and especially the attitude angle of the 360 degree bear-
ing in these experiments were influenced significantly by lubricant supply

rate. This dependence on lubricant supply is attributable to changes in
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active film arc length and in pressure in the unloaded portion of the film.
Depending on the lubricant supply rate which was used, results could be
obtained which were characteristic of either starvedsupply operation or
oversupply operation. Thera was no clearly defined and reasonably broad

range of supply rates at which operation conformed to that predicted by
theory. From observation of shaft locus measurements it was possible to
adjust the lubricant delivery rate for each load and speed to conform approxi-
mately to that corresponding to the theoretical boundary conditions. How-~
ever, prolonged periods of trial and error adjustment would have been re-
quired and the results which were obtainad would have been of questionable
value. Therefore, the lubricant supply was adjusted once for each speed by
raising the flow until a stable shaft locus was obtained (irregular,

transient small shifts in locus occur under starved supply conditions) at

low eccentricity. No further adjustments we;; made for other loads. -Some

of the data exhibit the higher load capacity and attitude angles characteristic
of over supply,Figs. 43,44 and 45 and some indicated slight lubricant starva-

tion, Fig. 46.

Bearing Film Pressure

Bearing film pressure measurements were desired for additional verification

of the steady state load turbulent flow lubrication theory. Because of the
difficulties which were experienced with lubricant supply conditions and
relatively poor correlatior between theoretical and experimental load capacity
of the 360 degree bearing, the 100 degree partial arc bearing, C/R = 4 x 10-3
in/in was chosen for these measurements. Pressur. taps (.040 inch dia.) were
installed in the bearing in the form of a cross with five evenly spaced taps
around the arc at the bearing centerline and five evenly spaced taps across

the bearing width at the midplane.

Laminar flow data obtained with 5.0 c.s. silicone fluid at 200 rpm is shown

in Figs. 48 and 49. Agreement is quite good except for the case of ¢ = .8
where the measurements show lower pressures near the bearing center and somewhat
higher pressures at the leading and trailing edge of the pad than the theory 7
predicts. At higher values of ¢, very small irregularities in arc profile such
as might be caused by elastic deformation can significantly alter the exact

distribution of pressure.
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Theoretical pressure profiles obtained from the eddy viscosity turbulent

flow theory (4) are shown in Figs. 50 through 55 along with corresponding
experimental measurements for eccentricity ratios of .35, 15 and 18 and

a vange of Reynolds numbers. There are no experimental data for ¢ = .35,

Re = 13,304 because of excessive whirl amplitudes. Small whirl orbits
prevailed for the € = 35, Re = 8314, and 5820 and ¢ = 5, Re = 13,304
conditions. The bearing pad was refinished between the laminar aad turbulent

flow experiments due to a mishap which caused some deformation of the pad.

The correlation between theory and experiment is good, corresponding to

the good agreement in measured and calculated steady state load capacity

data. There is some evidence of shaft bending from the axial direction
profiles for high load conditions, Fig. 55. The direction of the asymmetry
in measured pressures is correct for the expected direction of shaft bending
(outboard edge of bearing is at left side). 1In the circumferential direction,
the pressures near the arc entrance are generally slightly higher compara-
tively than those in the downstream region. This may be an effect of a

small irregularity in bearing radius of curvature or, it may be a result

of a small velocity head at the bearing arc inlet region.
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*
PROCEDURE FOR DETERMINING BEARTNG DYNAMIC PROPERTIES

The essential dynamic characteristics of a fluid film bearing can be re-
presentec as a group of springs and dash pots arranged as shown in Fig.50.

There are two pairs, each consisting of oné snring and oné dash not, to describe
the bearing characteristics in each of the two principal orthogonal direc-

tions and two additional pairs to describe the cross coupllng effects be-

tween the two principal directions. Given these eight spring and damping
coefficients, the bearing response to a dynamic force acting in any direc-

tion or at any frequency can be determined. The forces acting on the shaft

are shown together with a typical locus path of the shaft center for a rigid
shaft with rotating load in Fig. 57. The motion of the shaft center describes
an elliptical path typical ot a partial arc bearing or full cylindrical bear-
ing under steady state load since the bearing dynamic properties vary with

the direction in which the force is applied for these cases. The forces in-
volved are the rotating unbalance or exciting force, the oil film elastic

and damping forces and the rotor inertia force which is directed at the local
center of curvature of the locus path. For a given exciting force magnitude

and frequency and effective shaft mass, the shaft center locus path will de-
pend on the oil film forces as determined by the bearing spring and damping
coefficients. If there are sufficient independent data points, the bearing
coefficients can be determined from simultaneous measurements of shaft center
locus, and the force applied to the bearing through summation of forces as
follows:

R + Ky + c X+ cxyiv =-F +F,
Ry + Ko x + cyy& + ny’.‘ =-F,

where K and C are the fluid film stiffness and damping coefficients respectively.
There are eight coefficigﬁﬁs so it is necessary to have eight independent data
points. From a given dygplacement orbit it is possible to extract just 4 in-
dependent data pointg/(x and y coordinates at each of two points on the ellipse).
Four more can be haq/if a separate, independent ellipse can be obtained without
changing the bearing Reynolds number or the location of the ellipse center within
the bearing cleargnce. This should be possible if the frequency or direction

% See Nomenclature of Appendix 1.



of rotation of the exciting force are changed (& change in rotating load
magnitude or in the direction of shaft rotation does not yield an indepen-
dent locus path). Unless the shape or orientation of the two ellipses

are significantly different, very large errors in values of the coefficients
will result from small experimental errors. Significant differences in
orientation should result from reversing the direction of load rotation with
respect to shaft rotation and this is the procedure which was attempted with

results which will be described in a later section.

Because of <oncern over the prospects for obtaining satisfactory results with
the direct approach to obtaining the bearing dynamic properties, an alternate
approach. was prepared which does not require bearing force measurements or
countes rotating load data. Instead of eight Firect and cross coupling co-
efficients describing the bearing dynamic properties completely, the alterrate
approach yields four "effective' coefficients in which direct and cross coup-
ling effects are lumped together and which are strictly valid only for syn-
cronous load and the dynamic system from which they are obtained. As before,
the shaft center locus path is described by measurement of the coordinates of
two poiats on the path which are separated by a known angular displacement of
the exciting force. 1In the analysis, described in detail in Appendix 2, the
shaft system equations of motion are reduced to simplier equations describing

an equivalent system. These equations are of the form:

u

Mx + K' x + C'x cos wt
x X

sin wt

L

My + K' y+ ¢’
y y y yy
where M, K' and C' are equivalent mass, stiffness and damping coefficients
respectively. Two independent sets of values x, x, X, Vs § and § are obtained
from the shaft locus measurements and tha equivalent system, or "effective"

coefficients are obtained.

The direct and cross coupling coefficients obtained from the turbulent bearing
theory can be reduced to effective coefficients for comparison with the experi-

mental results., The procedure for so doing is outlined in Appendix A. The



reverse procedure is not possible with one set of effective coefficients

since there is no unique solution.

For reasons which will be described, the alternate approach leading to
effective coefficients has been used for data reduction. A computer
program was written to accomplish the data reduction using the IBM 1620.
The program determines the experimental effective coefficients; reduces
the theoretical coefficients to effective coefficients; and calculates the

experimental and theoretical shaft locus orbits for each operating condition.

-19-
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MEASUREMENT OF BEARING DYNAMIC PROPERTIES

Experimental data have been obtained and reduced to effective coefficients
for two partial arc and one cylindricalbearing covering Reynolds numbers,
based on mean clearance, from 1665 to 13,304, 1In addition, some data

have been obtained for the partial arc bearing in the laminar flow regime.
Theoretical and experimental shaft response orbits are presented for
typical cases to illustrate the correlation in this respect. Whirl in-
stability onset conditions have been calculated using theoretical dynamic
properties and compared with experimental measurements for some selected

conditions.

The effective dynamic coefficients of the bearings were obtained in the
experiments because attempts to obtain the complete set of eight direct
and cross coupling coefficients from measurements of bearing force and
shaft displacement with both syncronous and counter rotating dynamic load
resulted in very large scatter and poor agreement. The reasons for this

are discussed in a section dealing with counter rotating load.

Laminar Flow Results

Theoretical curves and experimental data points of effective spring and

damping coefficients were obtained in the laminar flow regime. The re-

sults cover a range of Sommerfeld numbers by varying static load at constant
speed (2000 rpm) using 5.0 c.s. silicone lubricant (Re = 216). This was

done to permit comparison of the agreement between theory and experimental

in turbulent and laminar flow regimes. Results are given in Figs. 38 and 59

.n th: form of dimensionless coefficients plotted against Sommerfeld number.

The trends as Sommerfeld number varies are very similar for experiment and

theory and there is substantial agreement in absolute values for the coefficients.

However, the agreement is not as good as that obtained for static load pro-

~ perties, for example. There are a number of reasons why this is to be ex-

pected and these will be discussed after presentation of the turbulent flow
data.



A second purpose for obtaining data in the laminar flow regime is to compare
the agreement between experiment and theory with that obtained by Lund and
Sternlicht (6) using their laminar flow theory and the experimental measurements
of Hagg and Sankey (7) which are the only other experimental measurements of
bearing dynamic response coefficients which have been published. A direct
comparison of experimental measurements with those of Hagg and Sankey is not
valid since in both cases effective coefficierts are obtained and as such

they are dependent on the dynamic characteristics of the experimental apparatus
on which they were obtained. 7The curves shown in Fig. 60 were taken from

Ref. 6. Scatter in the data points around the smooth curves which are shown
was frequently on the order of 2 to 1. Discrepancies between theory and
experiment of the same or greater magﬁitude as were obtained in this work are

evident.

. Partial Arc Bearing Results in Turbulent Flow Regime

Experimentally and theoretically derived effective spring and damping co-
efficients are shown for the B = 100°, C/R = 4 x 10_3 in/in bearing in

Figs. 61 through 64 and those for the B = 100°, C/R = 2 x 1073 in/in bearing

are given in Figs. 85 through 68. 1In each figure one coefficient is plotted

in dimensionless form for the range of Sommerfeld numbers covered by the ex-
periment and for the Reynolds numbers used for that bearing. Since these are
effective coefficients, they are dependent on the load frequency and certain
characteristics of the system including bearing clearance. Therefore, different
results are obtained for the two bearings of different C/R even though the
Reynolds and Sommerfeld numbers are the same. The dimensionless bearing stiff-
nesses decrease and the damping coefficients increase with increasing Reynolds
number at fixed Sommerfeld number. This is because the mean eccentricity ratio
becomes smaller as Reynolds number is increased at constant Sommerfeld number
(see static load capacity results). Certain experimental data, specifically the
motion of the shaft at the support bearing end, is required to reduce the
theoretical dynamic properties to the effective coefficients which are plotted
in Figs. 60 through 68. For this reason there are slight irregularities among
the theoretical curves which would not be expected of results obtained solely

by calculation. For the same reason the theoretical coefficients cover only

the range of Sommerfeld numbers for which experimental data were obtained.
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The experimental points generally form reasonably continuous curves with
sufficiently small experimental scatter to make identification of trends
clear. Considering the nature of the data being compared, there is
acceptable, even good, correlation between theoretical and experimental
results. Except for a few instances the trend of the experimental points
is similar to that of the theoretical curve. A particular exception is
the stiffness normal to load line for C/R = 4 x 10-3, Fig 62, where there
is a regularly increasing difference in experimental and theoretical trend
as Reynolds number is increased until at Re = 13,304 they are nearly
orthogonal. There is an unusually large amount of scatter and some evi-
dence of a similar deviation in trend at high Reynolds numbers for the
same coefficients with the C/R = 2 x 10_3 in/in bearing, Fig. 66. With
few exceptions, the effect of Reynolds number on the theoretical co-
efficients is large compared to the experimental scatter and a similar
effect of Reynolds number can be identified in the experimental results.
This situation implies that it is worthwhile to consider turbulence and
introduce Reynolds number as a variable in determining bearing dynamic

properties for low kinematic viscosity lubricant applications.

In general, agreement between theory and experiment is somewhat better
with respect to damping coefficients than it is for stiffness coefficients.
This is rather surprising since bearing damping should be very sensitive

to attitude angle and there was somewhat better agreement between eccen-
tricity ratios than there was between attitude angles in the static load

results,

It can and has been said that the agreement between experimental and theore-
tical dynamic coefficients 1s good for this type of data. However, what is
important is whether the theoretical dynamic load coefficients can be used
to accurately predict the shaft response, critical speeds and stability
characteristics., The theoretical and experimental shaft response orbits
were calculated for each operating condition as part of the data reduction
program. These orbits are superimposed for comparison for a series of
Sommerfeld numbers for several different Reynolds numbers in Figs. 69

through 7.  These results are typical. 1t should be recognized that only

-22~



the dynamic components of the shaft locus are compared; there are differences
in the experimental and theoretical ellipse center locations within the bear-
ing clearance of the same general magnitude as those reported earlier undc :
static load properties. The agreement between theoretical and measured re-
sponse is very good except for an intermediate range of Sommerfeld number

where the theoretical response goes through a maximur. while the measured elli-
pses continuously grow smaller with decreasing Sommerteld number. FEvidently
the theoretical coefficients indicate a damped rigid body critical speed at

some value of Sommerfeld number in the range £0.2 to 0.5 with the exact value
depending on Reynolds number and C/R. There was no corresponding increase

in experimental response dimensions in this range of Sommerfeld numbers. How-
ever, from notation of the positions of the unbalance force markers on the
response ellipse, a smooth gradual shift in the angle between the exciting force
and the displacement (angle @ in Fig. 57) of 180 degrees was observed experi-
mentally as the load was varied through the same general range of Sommerfeld
numbers ‘.s those at which the peak response is predicted by theory. Evidently
the bearing does pass through a rigid body critical speed under these condicions

but it is so highly damped a3 to be unnoticeable in the shaft respoase.

The theoretical spring and damping coefficients were used to compute the pre-
dicted load for onset of half frequency whirl at several speeds for the partial
arc bearing, C/R = 4 x 10-3 in/in and 0.65 c.s. lubricant using the approach
described in Ref. 8. Experimental determinations of whirl onset were made at
fixed speed to maintain constant Reynolds number. [nitially the load was raised
until eccentricity was .8 or higher and there was no whirl. With the electronic
filters set to pass frequencies only in a band around half svncronous speed, the
load was gradually reduced until a regular orbital movement of the shaft locus
point on the oscilloscope screen could be detected., This was taken as the whirl
onset condition. The effects of substantial damping of the bearing film were
evident in a very slow increase in whirl orbit size as load was decreased further.

The results are summarized in Table 1.

-23-
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TABLE 1
Reynolds Number Shaft Speed Load at Onset of Fractional Frequency
rpm Whirl - 1bs.
Experiment Theory
5820 3500 132 110
8314 5000 198 175
13,304 8000 312 350

Agreement between results derived from the theoretical coefficients and the
direct experimental measurements is good, again indicating that the theore-

tical coefficients are of practical value.

Full Cylindrical Bearing in Turbulent Regime

Effective spring and damping coefficients have been determined from the theory
and by experiment for the 360 degree plain bearing for Reynolds numbers from
3326 to 13,304. The agreement between theory and experiment is generallx poor
as is shown by the results for 5820 and 13,304 Reynolds number, Figs. 72
through 75. The experimental damping coefficients are substantially higher
than the theoretical values and there is a good deal of experimental scatter.

There are several explanations for these poor resul:s:

1. Agreement oetween theory and experiment for static load is not
very good, especially with respect to attitude angles., Bearing
damping in particular is quite sensitive to attitude angle so
there should be differences in dynamic properties when the static

load properties are not in close agreement.

2, In the theory it is assumed that there is no v+ :tribution to bear-
ing damping or stiffness from those areas where the film is assumed
to be ruptured. In actual fact there will be substantial areas
where the film is continuous between the surfaces since rupture

should take the form of striations or streamers.
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The effect of pressure in the unloaded region and of the accompanying __
shift in mean shaft locus was investigated for two data points at

Re = 5820 (¢ = .58 and .87). The pressure at which rupture is assumed

to occur was adjusted until the theoretical attitude angle corresponded

with the measured value. Pressures in the rupture zone of 4.7 and 6.7 psia
were required for the low and high ¢ cases respectively. This resulted

in a change in calculated load capacity also which brought the theory into
excellent agreement with the experiment at these points. The theoretical
dynamic load coefficients changed as expected in the correct direction to
bring them into closer agreement with the experimental results. Agreement
with respect to stiffness coefficients had been acceptable and was improved
slightly. Theoretical damping coefficients had been far below the experien-
tal values and the change was too small to achieve even fair agreement. The
results indicate that there is a substantial contribution to damping from the

film rupture region of the bearing or from some other, unknown, source.

Agreement betd%en theoretical and experimental response orbits, Fig. 6,
reflects the poor correlation between coefficients, but even so it is good
enough to indicate that the theoretical dynamic properties can be useful

in spite of significant differences in assumed and real lubricant supply and

boundary conditions.

Experiments with Counter Rotating Load

Initial plans called for experiments with forward and counter-rotating loads
at each condition of Reynolds number and load to obtain two independent, and
different, shaft response orbits. Eight independent data points and thus the
eight direct and cross coupling bearing coefficients could be obtained

directly in this way.

When a counter-rotating load at the speed of shaft rotation was applied, two

apparently anomalous effects were observed:

1. The shaft center moves around its elliptical orbit in the direction
in which the shaft is rotating and not in the direction in which

the applied force is rotating. Referring to Fig. 57, the unbalance



force vector rotates in one direction while the journal mass moves
around its path in the other direction. Intuition argues

strongly that they should go in the same direction. When the shaft
is simply hung in the bearing clearance without rotation and the
rotating load is applied by running the rotating load motor, the
observations support the intuitive expectation of the same direction

for load vector and shaft locus rotation.

2. Unless the rotating load and shaft rotation frequencies are -exactly
equal there is a beat effect causing the response orbit to change
cyclically between two extremes in size and shape. If the fre-
quencies are matched exactly, a stable orbit can be obtained, or
more properly, any one of a great many stable orbits can be ob-
tained representing all of the variations encountered during the

beat effect.

Typical oscilloscope photographs of forward and counter rotating orbits for
the same operating conditions are shown in Fig. 77. The two orbits on the
photograph for counter rotation were taken with separate exposures and dis-
placement of the orbit center on the screen to show the extremes in size and
shape encountered during the slow beat. As expected, the ellipses obtained
from forward and counter rotating load are quite different and it seems that
reasonably good results should have been obtaineu if there were no cyclic

variation in the response ellipse with counter rotating load.

If it is granted that the directions of rotation of the exciting load vector
and shaft locus point will be reversed, an explanation for the beat effect

is available. The bearing sees the effects of two rotating loads; the ex-
citing load which is driven externally in one direction and the inertia force
of the shaft as its mass center moves about its orbit, in this case in the
opposite direction. Since the bearing dynamic properties are anisotropic,
the shaft response will depend on the directions with respect to the bearing
of these two force vectors when they are exactly out of phase; or exactly in

phase; or at any other relative position which may be chosen for reference.

If they are in phase when directed along the steady state load line the response
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will be different than it will be if they are in phase when directed at
right angles to the load line.

The theoretical and experimental shaft response for a number of cases with
counter cotationai load were calculated. To do this appropriate changes
were made in the signs and directions of the cross ¢ ..ling coefficients to
provide for a change in the direction of shaft rotation (because the mean
shaft locus changes from one side of the bearing centerline to the other)
while maintaining the same rotating load direction. The initial (time = 0)
positions of the exciting force and shaft inertia force in the response pro-
gram was such that for the theoretical response the forces were in phase
when their direction was horizontal and exa:tly out of phase when vertical.
The results are shown in the plotted response orbits, Fig. 78, for the same
conditions for both forward and counter rotating load derived from the theory
and from experimental measurements. There are two experimental orbits re-
presenting the extremes of the beat effect. Arrows indicate the direction
in which the shaft center moves around the orbits in each case. Remembering
that the shaft rotation was reversed while the load rotation direction was
the same, it is clear that the theory predicts the same effect seen in the
experiments; with counter rotating load the shaft orbits in the forward
direction or the direction of shaft rotation. There is still no simple ex-
planation for this in physical terms. Mathematically, an inspection of the
response equations shows that the effect is caused by the cross coupling co-
efficients. This result helps confirm the validity of the theoretical model
used to describe the hearing dynamic properties; that is, the concept of

direct and cross coupling spring and damping coefficients.

The experimental observations for the counter rotating load cases have been
explained but this has not immediately altered the difficulty in obtaining

the complete bearing properties directly from experiments. Some way is needed
of indicating what the orientation of the shaft inertia and rotating load
forces is with respect to the bearing when measurements are taken. Means of
accomplishing this could surely be devised. However, there was insufficient
time in this program to accomplish this so the alternate approach involving

effective coefficients was used.
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VIII. DISCUSSION OF DYNAMIC LOAD RESULTS

The intent of the dynamic load investigation was to obtain spring and
damping coefficients for several fundamental bearing configurations by
experiment and compare these with the same coefficients derived from the
turbulent flow lubrication theory. Failing this, the experimental data was
to serve as a self sufficient body of empirical information. The agreement
which was obtained is considered to be good for this type of data. There
are discrepancies between experiment and theory and these may occur because
of differences in the theoretical model and the actual physical situation
in the areas of turbulent flow lubrication and rotor-bearing dynamics. Other
possible reasons for differences include errors in control of experimental
conditions and in reading experimental results and simplifications resorted
to in order to achieve a mathematical solution of the turbulent flow theore-

tical model.

The assumptions and simplifications of the turbulent flow lubrication theory
and their significance are discussed in some detail in Ref. §.. Briefly,

this is a linearized treatment in which mean fluid velocity is assumed to

be a linear function of pressure. This assumption appears to hold up very
well for the conditions characteristic of lubrication practice. The flow
transition region is treated as a smooth, regular change from laminar to
turbulent friction characteristics while the transition observed in pipe flow
and Couette flow experiments is sudden and well defined. Also there is no
means of considering the effects of vortex flow in either the laminar or fully
turbulent flow regimes. Excellent correlation with experiment in static load
properties suggests that there are no serious discrepencies in the turbulent
flow theory, at least for these conditions. Also, the agreement between theory
and experiment in dynamic load properties with turbulent flow is of the same

general degree of goodness as is the agreement for laminar conditionms.

The response analysis for reduction of experimental measurements to effective

coefficients and for reduction of the complete set of theoretical coefficients
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to comparable effective coefficients makes a number of assumptions re-

~-

garding the dynamic characteristics of the apparatus:

1. The shaft is perfectly rigid.
2. There is no restraint to motion of the shaft in the test
bearing clearance from the support bearing or the coupling.
3. Stiffness and damping at the test bearing end come from
the bearing pad only.
4. The deliberately applied exciting force is the only external

source of dynamic load.

There is a rather consistent tendency for the experimental damping coefficients

to be higher than the theoretical coefficients and for the experimental re-
sponse orbits to be smaller than the theoretical orbits. This seems to be
indicative of some restraint to angular motion of the shaft at the cupport
bearing end or, more likely, of additional damping from the relieved area
outside the test bearing arc and from the seal rings at each end of the bear-
ing. There is some bending of the shaft; at high eccentricity ratios and
higher speeds distortion.of the response ellipse because of nonlinearity in-

troduced by bending was observable.

The end uses of dynamic bearing properties are in calculation of response
orbits as a function of operating conditions and in prediction of bearing
hydrodynemic instability characteristics. The theoretical coefficients pro-
duce results which are in substantial agreement with the experimental ob-
servations when they are applied for these purposes. This firmly supports
the conclusion that the turbulent flow lubrication theory of Ref. 4§ can be
used confidently in design calculations involving static and dynamic load-
ing at least for fundamental bearing configuration of the type used in this

work.



-30~

APPENDIX 1

Dynamic Analysis of Journal Bearings

1. Nomenclature

C Radial clearance inches
Cxx,ny,ny,ny Damping coefficients 1b sec/inch
D Diameter inches

e Eccentricity inches

F Fluid film force 1bs

f (= ;%ZD (%)2 ) Dimensionless force

h Film thickness

Kxx’ny’ny’Kyy Stiffness coefficients 1bs/inch
L Length

N Speed ’ R.P.S.

P Pressure 1b/in2

R Radius inches
Re (= %g ) Reynolds Number based on mean clearance

Reh (= %b ) Reynolds Number based on local film thickness

S (= E%LQ (%)2 ) Sommerfeld Number

t Time seconds
v (= nDN) Surface velocity in/sec.
W Load 1bs

X Coordinate, in direction of steady state load inches

(also used in Equations A-3, to denote cir-
cumferemtial direction.)

y Coordinate, normal to direction of steady state load, inches

2 Coordinate, in axial direction inches
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Superscripts

Subscripts

(= %) eccentricity ratio

Circumferenti?l coordinate

(=%2% (%)2), Coefficient (see Eq. A-12)
Absolute viscosity

Kinematic viscosity

Attitude angle

Angular velocity

Dimensionless quantity (see Eqs. A-3c¢,13,14,29, & 30).

Time derivative

Component in radial direction

Component in tangential direction

Component in direction of steady state load
Comporient in direction normal to steady state load

Steady state value

-31-
radians
1b.sec,
lb.sec./in2
inz/sec.
radians
radians/sec.
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2. Introduction

The resultant of the fluid film pressures generated by hydrodynamic action

in a journal bearing is a non-linear function of the displacement, attitude
and velocity of the journal center. This non-linearity precludes exact
analysis by superposition of the characteristics of the components of the
system (shaft, bearings and pedestals). Instead, an exact analysis would
require solution of the coupled equations of motion of all three components.
Such an analysis is too complex to undertake. Moreover, individual solutions
would be of little value for design purposes because of the very large number

of chaft, bearing and pedestal parameters.

Analytical solutions are therefore based on examination of swall motions
of the journal center about its equilibrium position. By this means, the
fluid film force vector is reduced to a set of spring and dashpot type force
coefficients; the local values of these coeificients being the gradients
of the force-displacement and force-velocity curves, calculated at the
equilibrium position of the journal center. These coefficients describe
the journal bearing characteristics. For purposes of dynamic analysis of
rotating machinery, the shaft characteristics are similarly represented by
the stiffness, mass and inertia distributions while the pedestal characteristics
are described by their masses and by a second set < { spring and dashpot force
coefficients, in series with those of the fluid film. The equations of motion
of the complete system can then be written in terms of the linearized chara-
cteristics of the three components and solved to calcuiate the dynamic per-
formance of rotating machinery, i.e.

a) critical speeds

b) rotor response to dynamic loadsg
¢) boundaries of the regions of stable operation.

Such analysis is, of course, strictly valid only for infinitesimal motions of
the journal center. The degree of agreement between the linearized analysis
and practical rotor systems will depend on how closely the fluid film force
vs shaft center displacement curve approaches linearity in the region of

interest. Thus, the curvature (second derivative) of the force vs displace-



- s i a8

ment curve is a measure of the agreement expected between the analysis and
the practical system; provided that the curvature is moderate, agreement
with practice should be quite good. 1In most hydrodynamic journal bearings,
this condition is satisfied up to eccentricity ratios as high as 0.7 or
even 0.8, Above these values however, the curve becomes extremely steep
(theoretically, the force becomes infinite at an eccentricity ratio of 1),
so that the linear analysis breaks down completely. High thermal gradients
and deformations of the shaft and bearing surfaces further complicate the

problem in the high eccentricity ratio rany.-

The observation noted in the above paragraph is supported by experimental
evidence. For example, the experimental studies conducted in the program
reported here showed satisfactory agreement between the calculated and the
measured elliptical shaft center orbits, up to eccentricity ratios of 0.8.
At higher values of eccentricity ratio however, there was a pronounced

flattening of the lower part of these orbits due to high non-linearity.

The linearized analysis has been developed by several investigators, and

is descrived in various degrees of detail in, for example, Refs. 4, 6,

and 9. An outline of it, based on the work of Tund (Refs.4 & 10)

is provided here for ease of reference. All these previous references pro-
vided only the data necessary for design of rotor-bearings systems which
operate with laminar flow journal bearings. [In the currently completed pro-
gram, the data (Figs. 1 through 32) is presented for turbulent as well as

for laminar flow bearings.

-33_
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3. Stiffness and Damping Coefficients of 4 Journal Bearing

With a perfectly balanced rotor the journal center will occupy a fixed
position in the journal bearing, that is determined by the: rotation speed,
magnitude of the steady state load, bearing size and geometry and the
lubricant viscosity. Figure 79, shows a journal in such an equilibrium

position, defined by its eccentricity "

eo" and attitude anglélﬁgf The
equilibrium positions of the shaft are obtained from numerical solution
of the steady state lubrication equation as discussed a little later in
this appendix. They were calculated in this study for plain circular
and 1000, centrally loaded partial arc journal bearings (with L/D = 1 in
both cases), for both laminar and turbulent films. This steady state

design data is plotted in dimensionless form in Figs. 1,2,17 and 18.

In practice, of course, the shaft will hiave some residual unbalance.

The resulting centrifugal force causes the journal center to orbit

around the steady state position, at a speed which is synchronous with
the rotation speed., Additional pressures are generated in the fluid film
to counterbalance the forces due to the unbalance load and the inertia

of the whirling rotor. These additional oressures vary with time and are
functions of both the whirl amplitude whirl velocity. For small motions
of the journal center, the resultant of these dynamic pressures can be
considered to be provortional to the whirl ampli-ude and velocity. The
coefficients of proportionality are the spring and damping coefficients
of the bearing, There is a set of such coefficients for each bearing

geometry and each location (eo,ﬁo) of the journal center.

A stationary (x,y), coordinate axis system is shown in Figure 79 with its
origin at the equilibrium position of the shaft enter. Decomposing: the
dynamical fluid film force (resuitant of the dynamic componeunt, cf the
fluid film pressures), the whirl displacement and ‘he whirl velocity along

the x and y coordinates, we nave: -

Fx-Fo = ~Kxi X - Cxxx - nyy - nyy
. . (A-1)
F =<K X ~C x~-K y-=-C vy
y yx yx yy yy



where:
Fo is the steady state fluid film force (=-¥)

Fx’ Fy are the fluid film components

X,y are the components of journal center displacement

X, Y are the components of journal center velocity

K , K , K , K are the stiffness coefficients, wherc the
xx’ Txy’ Tyx

first subscript defines the direction of force and the
second subscript describes the direction of the displacement.

C

b C 2 C 3
xx’ Txy’ Tyx
first subscript defines the direction of force and the second
subscript defines the direction of velocity.

ny are the damping coefficients, where the

Although, in principle, this is analogous to a mechanical system of springs
and dashpots, there is a significant difference that is caused by the cross
coupling effect., 'The cross coupling effect arises from the fact that the
resultant of the fluid pressures that are caused by a displacement (or
velocity) of the journal center, is not co-linear with the displacement

(or velocity). Thus, if the journal center is displaced (or if a velocity

is imparted to it), the resulting change in the fluid film force will have
components both along and normal to the direction of the displacement (or
velocity). 1In addition, due to the non-linear nature of force vs displace-
ment and the force vs velocity curves, the spring and damping coefficients are
noft constants, but vary with the steady state position (eo,ﬁo) of the journal

center.

The stiffnass and damping coefficients are obtained from the slopes of the
force vs displacement and the force vs velocity curves, i.e., in the (x,y)

coordinate system defined above:

XX Ox ’ XX Ox
P
xy g;’-( ’ xy Oy (A-2)
K = E-Iil ¢ C = ?.F.X
yx  Ox ’ yX 9%
oF OF
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These coefficients are calculated for each particular bearing geometry,

from the computer solutions of the lubrication equation, as described
later in this appendix. In the zurrent study, they were obtained for
the plain circular and 1000, centrally leoaded, partial arc bearings for
both laminsr and turbulent flow in the fluid film. The data is given,

in dimensionless form, in Figs. 3 through 16 and 19 through 32.

Using linear vibration theory and introducing the calculated values of

the fluid film stiffness and damping coefficients, the whirl orbits of

a rotor in response to dynamic loads can be calculated. The calculations

are performed using any standard methods for computingthe vibrations of a

beam supported in journal bearings which are defined by the set of stiff-

ness and damping coefficients. The rotor itself is treated as a set of

masses and inertias, as in the Holzer or Myklestad-Prohl analyses. Computer pro-

grams nave been developed for treating rotorsof arbitrarwv shape.

The whirl] orbits are computed for each operating speed. (This was done, for
example, in the curvent study .or comparison with the measured whirl orbits, sce
Figs.69 through ¥l ). The system critical speeds are determined by com-
puting the whirl orbits ovver a range of speeds and by determining the speed

at which the amplitude of the orbits peaks.

-36-
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4. Numerical Solution of the Incompressible Luurication Equation

The incompressivle lubrication equation for turbulent flow in the fluid
film, was derived under another program in Ref. 2%,. The derivation was
also given in an appendix of Ref. 5, This equation is (see coordinate system

defined in Fig.80 ).

Q_[ h_z.g_(l(l Qg + a._. ( h3G z) a_P\ = v a_h .a_h (A-3a)
X! ox oz L u oz! 2 Oox ot
Where G(x) and G(z) are functions of the local Reynolds Number (Reh = %Q).

At small values of local Reynolds Number, both G(x) and G(z) approach the
value %E so that Equation (A-3) reduces, under laminar fiow c.ncitions in the

film, to the ccnventional Reynolds Equation.

Substituting the relations:
V = Rw

and h

C{l + ¢ cos(9 - ¢)J

into the right hand side of Eq. (A-3), we obtain:

3 3 ol S
%;[LSQ) %E +§%P‘TG—@ g—‘z’} = (1 -2 —&&)— cos (8-9) -5 sin(6-0)| (A-3b)
(1-%;

Equation (A-3a) is made non-dimensional by the following substitutions:

h = hC
= xD
xTx (A-3c)
z = zL 2
= R\2 = . poD
P=P - uN (D) =p °
uN () 8rC2

The turbulent lut "cation in non-dimensional form is then:

_ - [ (&
3 EBG(x) oF D29 73 G(z) OP .9 @, Lev. Eioian } )
5%‘_ gi"+ (L) 5 S5 8n(l - w) (1-2%) cos (8-¢) §sin(9 $) 1 (A-3d)




The finite difference form of this equation is programmed for numerical
integration on the I,B.M, 7094 computer. The input quantities for in-
dividual calculations are:

Y Y L
9in ? Pin i eout i Pout ,(D) » € %, Re,

€ o
5 0 Q)

e =2- = - N . r
where in ( xin) and Gout( Zxout) are, respectively, the coordinates of the
inlet and outlet edges of rach bearing pad. Thus, the calculations can be
conducted either for a 360° bearing or for any other bearing arc length.

Pin and Esut’ are, respectively, the dimenionless values of lubricant pressure
at inlet and outlet of the bearing. This permits the calculations to he made

for pressurized, as well as unpressurized bearings.
Two points should be noted with regard to the bearings calculations:

L. As noted above, G(x) and G(z) are functions of the local Reynolds
Number, %h . These have been derived for values of %hup to 105 and are
introdiced into the computer programs as 'look up' tables (Ref. 4 ).

In the computer program, the values of %h at each mesh point are cal-
culated and the corresponding values ¢f G(x) and G(z) are used. The

local Reynolds Number is:

Re, = === "+ [1+ € cos (6-08 = Re~[1 + € cos(9-¢ﬁ (A-4)

The lncal Reynolds Number is thus computed automatically in the program

at each mesh point, since Re, € and ¢ are all input quantities.

2, The attitude angle ¢ is generally rot known in advance. Aun iteration
procedure is therefore used, wherein an assumed value uf ¢ is used as in-
put and compared with the calculated value of attitude angle obtained from
the program. This procedure is repeated until the assumed and calculated .
values of ¢ are equal within predeterimined allowable error, (generally

about 0.02 degrees).
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The output from the program is:

1. The pressure map, P (;, Z)

2. The radial and tangential components of force:

- 2 Fout = - -
£o=- I P cos (8-%) dx dz
-1 x,
5 in
(A-5a)
S e - _
£, = J0 U P sin (8-¢) dx dz
-1 %
2 n
3. The total flu'd £{ilm force and the calculated attitude angle:
~ — - 1
F= (£ + ftz) /2
- - (A-5b)
£
¢ = Tan-l:£
fr

For dynamical analysis of journal bearings, the program is also used to
calculated the eight stiffness and damping coefficients about the steady

state position (eo, 00}, in the radial and tangential directions. These are:

- - -
afr - £ - )
52—- e=eo + A€ e=eo- Ae
®
(eg o)
2 Ne ¢ = ¢
éEEB
w w 0
]
%, | -,
Se = 10=0 + A0 0= _-A 6
2""\0 € = €
¢
s om0
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Y3 t - f )
—x _ rf ¢ r .
2 A -4 ()
[
200 €= c
(o)
¢ = ¢
. 0
.0
w
x| N sy x sy
@ C A o
3) | a— (A-62)
2A¢)
w € = €
o
¢ = ¢
. o)
€.
&)= o0

(where: Ae, A%, A(f? and A(i) are small quantities, generally 10-3)

The four derivatives of Et are similarly obtained.

The radial and tangential coordinate axes are not generally the most useful

axes for rotor-bearing dynamics analysis. For example, in the case of a

multi bearing system, where the bearings are not identical or where the bearings
do not carry equal loads, the radial and tangential directions will vary from
bearing to bearing. Thus, for the purpose of presenting generalized bearing
data, an (x,y) coordinate system, as shown in Figure 79 is preferred, where the

“x" axis is parallel to the steady state load direction. In this case we have

and (A-6b)

The eight corresponding stifrness and damping coefficients are obtained as

described in the next section of this appendix.
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5. Calculation of the Stiffness and Damping Coefficients

The stiffness and damping coefficients along the refence (x,y) axes
of Figure 79, should now be obtained from the derivatives along the

radial and tangential directions, that were defined above.

The fluid film force has components Fx and Fy' Under steady state

conditions, when the journal center is at (eo = ce, ¢o) we have Fx= -W
and Fy = 0, where W is the steady state load on the bearing. Converting
from the radial and tangential coordinate system, to the (x,y) coordinate

system, we have:

cos ¢ sin ¢ F
(A-7)

sin ¢ -cos ¢ F

For an infinitesimally small motion around the state state position the

dynamic forces become from Eq. (A-7).
dF cos ¢ sin ¢ dF_ + F_ d¢
b r t
= - . (A-8)
dF sin ¢ cos ¢ dF_ - F_ d¢
y t r

The infinitesimal dynamic motion of the journal center is described by the

coordinates (x,y):

x = d(e cos ¢)

or
de cos ¢
edd -sin ¢

The velocities transform

de cos ¢

edd -sin ¢

y = d(e sin ¢)

. )
sin ¢ X
° (A-9)
cos ¢ y
similarly:
sin ¢ x
. . (A-10)

cos ¢ y
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The dynamic force components dFr and dFt may be expressed in terms of
the dynamic amplitudes. From Equations (A-3b, ¢ & d) can can be shown that the

fluid film force F can be written.

o, = € ¢
Fr = Ao(l - %D) . fr(e, %, QD) / Q - %D)
and . . .
] - € ¢
F = (1l - Zw) - £.(€, 0, (m) /- Zw)
where:
A= ( )
‘f _.._F_r__ (_Q)Z
r  WNDL ‘R
£, = mon ®
Therefore: - é
of ~
W

= Aa%l - 2%) gff + de + éggeda + ———— d&( T

3¢ 1a-20) ) 1~

@

and similarly for dFt

Now, at the steady state p081t10n, (e )

I T —m—ﬁ a G =ad

(A-11)

(A-12)
(A-13)

(A-14)

3
sl ed¢ (A-13)

(A-16)

1- z -2 (-2 2
because at the equilibrium position eo = 00 = 0. Hence Eq. (A-15) reduces to:
. afr Of , 9F. . 28 .
dFr=ENn[mde+E§$ed¢+5 -a—(—é_:) de-g-g-ed@
W

and similarly for ch.

By substitutivn of Eq. (A-16) into Eq. (A-8),

5
dF cos®  sint| (BE 3 £ [ { ot 2f_ {
b Jlst e e 58 © (%
i

1
dF sind -cost| [ Jf Sf 3 ®
y t t - _ry[]edt of

e &F T & s

(A-17)

—LEllede



The stiffness and damping coefficients are defined by:

dF. = -K x-C x-K y-C_y
X XX XX Xy Xy

dF = -K x-C x-K y-C
yX yX yy

y Yy

y

To determine the 8 coefficients, substitute Eq. (A-9) and (A-10) into
Eq. (A-17) and collect the terms in accordance with Eq. (A-18) to get:

. [aEr 3%, ., dF 3, fx
Kxx =3 AW Se c°s ¢~ oqe sin $ - 36 Se cnsd sind - < sind
L [?F, , OF, Y3
wcxx =3 D o cos ®+--g cos® sin® - —= sin ¢
() o)
Of dF, CY Y £
_1 [ r 2 Tt L2 t r . v
xy = C %wl =5 cos ¢ + Sc sin ¢ +(E§$ + gz—)cos¢ sint + . c054
L |of, , Of 2?x
way =c Ao = sin ¢ + —r cos® sin® + - cos$
o) o)
df 3f 3f, of £
1 [ _t 2, __t .2 t r . X
ny =0 Ao =3 cos“¢ 5o sin % + (E§E'+ 52—9 cos?® sin ¢ + < 51n<4
L | 3f , Of 2.
WwC == Np.-—% cos ® + — cosd sind - —~ sind
0o 3(5) €
L %% n J
. Y3 2f aEr 3f, £
Kyy =c |- Yy cos ¢ + 5S¢ tin ¢ +-(E§;-- gg—)cosw sin$ - pa cos¢l
) aEr ) aft 2
=c AN = sin” - N cos® sin¢ + —EX cos¢
yy d(®) 3¢5
w W 1
where, in the coordinate system selected,
-W R, 2
fx = uNLD (C)
£ =0

y

and all forces and derivatives are calculated for the given steady stdte

position, defined by(e » ° ).

(A-18)

(A-19)

(A-20)

(A-21)

(A-22)

(A-23)

(A-24)

(A-25)

(A-26)

(A-27)

(A-28)

-43-



The stiffness and damping coefficients are made non-dimensionless as follows:

K
XX .

XX (A-29)

i
=0

1
=Ig
e

XX XX (A-30)

and similarly for the other coefficients.

These are plotted against the Sommerfeld Number,

_ KNLD
W

&? (a-31)

in Figs. 3-16 and 19-32, for the two bearing types that were studied in

this program.
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APPENDIX 2

ANALYTICAL DEVELOPMENT OF EQUIVALENT
STIFFNESS AND DAMPING FORCES

by

H. Cheng



Analytical Development of Equivalent $tiffness and Qamgigg Factors.

The bearing forceés, inertia forces and the external exciting force

acting on the experimental rotor are shown in Fig.81 The meaning

of the eymbols shown in Fig. 81 are lisi{ed as follows:

0' - center of the guide bearing

in.

c - center of mass of the trotor
A - center of the test bearing
B = point of application of the exciting force
‘c - distance 0'C in.
‘a - distance 0'A in.
‘b ~ distance 0'B in. )
M - mass of rotor 1b.sec /in.
XX 9%, - x coordinates of 0', A, C respectively,

Yos¥gsY, - y coordinates of 0', A, C respectively,

F ,F = bearing forces at A

- distance of m, from B

= exciting frequency

M, -  mass of the exciting mass (cap screw)
R
@
(1]

= angular speed of the shaft

Tx = x component of the inertia torque
Ty - y component of the inertia torque
kx - radius of gyration about an axis passing

k - radius of gyraticun about an axis passing
through ¢ and parallel to 0'y

k - radius of gyration about 0'Z

A ™
* dt

through ¢ and parallel to 0'x

in.
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Taking moment of all forces about 0', we have

. 2
- 2 = b i
(B1) MicyC Fy 2t Tx /bmme sint

.. 2
-P 4 - ,
(B2) Mzcxé LN Ty ibmbRw coswt

where the bearing forces, FX and Fy, and the inertia torques, Tx and T

are represented by the following expressions,

(B3) Fx = -(Kxxxa + cxxxa + nyya + cxyya)
B4 F o= -(K x +C x +K +C y)
(B4) y = 7 yx a  Tyx yy”a yyy
“'o 2 xa B xé
(B5) Tx = ka ( ) + M(ky - kz )Q(_——Z::-—)
% - %! y, - ¥,

(B6) T = Mk 2 (—2—2) - M(k %- k_Ha (B—9

y y ﬂa z X a

Assuming the shaft is a rigid bedy, the followinrg ge~uxtrical re-

lations prevails,

Z

(B7) X, x' + (G~ ) x_ - x')

ﬂ
yo ¥ G ) (v, -

[

(B8) Y.

O
Substituting (B3) through (B8) into (Bl) and (B2) and dividing then
by ﬂa, we have,

- - - - - . - )
(B9) Me X, + 0 X + (Kxxxa + Cxxxa + nyya + Eﬁyya) + fxya yo) = coswt
" . . W, . .
- - = - - = = - - -
(B10) M, vy, +9 ot (kyxxa + cyxxa + Kyy/a + nyya) - B(xa - xé) = sinwt



where

M k
c 2 X, 2
M = L™+ (77 ]
e mbRLb [ c 38
k =k
X y
Mc kx 2
P = i, [Lc(l—Lc) "G ]
2
my, oLy, 382
K C
K = XX
XX mbszLb
_ CxxC
Cxx = ;;ﬁ;f;~ etc.
X, = xa/C etc.
Y, = ya/c etc.
= radial clearance of the bearing
. dx
and x now stands for EZZE)'
For small oscillations of the rotor, the following substitutions can be
made,
- int
X, Ae
;; =B eiwt
(B12) -
%' = E eimt
o
T F ehbt

where A, B, E and F are complex amplitudes of oscillation at A and 0',
Substituting (Bl2) into (B9) and (B10), we have

(B13) (R -M +1C ) A+ [xxy+ L, sﬂ Be 140E+ L B F

(814) [ny+ L@y B)]A + (K- My + 1 Co) B = OF - L(14BE)



If the motion at O' is given, then Eand F become known and Equations
(B13) and (B14) can be solved for A and B to give

(B15) A= 28 VG
ps - 1rq

=QV'U1‘
P8 - rq

-]

(B16)

where

<
L]

=i
'

M +1iC
XX e XX

+ 1 (ny + B)

Nléxl

+1(C_ -8

(817) y* yx
-M +1C

yy e yy

1 + PE + ipF

PF - 1(l + BE)

®
B L}
~ 1

<
]

The dynamic system represented by Eq. (B13) and (Bl4) can now be re~
duced to a much simpler equivalent system contalning only effective

direct stiffness Kx', Ky' and effective direct damping factors Cx s

Cy' without the cross coupling.stiffness and damping factors.

The equatiors governing the motion of the equivalent system are

© ' 'y oz
(818) Mexa + Kx X, + Cx x, coswt

ae ] 1 e =
(B19) Meya + Ky Yo t+ Cy Ya sinwt

Comparing (B18) and (819) with (:15)(8l6) we obtain the expression for the

effective stiffness and damping factors as follows:

(520) R' =M +R {uz . :q
(B2l) %'=M+Q{:ﬁ¥ﬁﬂ
(822) =Jl{ s :q}

(823) ' e ¢t (ps-xq)

Vp - ur

ol



The correlation between the experimental and theoretical chara-
cteristics of the test bearing can be achieved by comparing the
theoretical and experimental effective stiffness and damping

factors. The experimental effective stiffness and damping factors

are calculated from moticns measured at A and O' using Equations

(818) and (B19) while the theoretical Kx‘ , Ky' R Cx'
decermined by Equations (320) through(B23).

and C ' are
y

o deiste oo o e e
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Dimensionless Stiffness and Damping Coefficients

for Full Circular Bearings (L/D = 1)

Fig. 16

se SREE 1 3 S o i s s i 11T o Mumuww
ol ¢ 3 00 S B B oo i WA s b T
Py men ans LERS Beaepar IR v
+ N >
959000 PE W Ny 3 — . - +
v - T " " B8 ) . 1--H - + +
00050 B B 18881 BB i : IS0 PR
o T T ) Tt 1B * I L 1 {
s . foss o ipd 3 n
Al et it ; S . Tt
IR TP b= BBk Ses R o = ¥ ol o SRR : 3
Pap ge : + o} + - e - -
J5 w6 wp S 4 fout sS04 Sivmans I t s poons Salbet bt 1
PO DO W) Wen Sy - L3274 4D GRS ARNED i) I : 4+ K —
050 Bp 0eb i R4S 1B Mg L DA S Gy SHONG PR S e R .-
[ 2% DI PUSE DUEN + gt +— - bt - 74MHA»¢.vLYA + dopi
R TR Al_Yl«.I! + I 'A.LAOZAY‘A 12 9% ot
* it TN ? , —
et B e e e e S L3 - hl.: R IR oy L1
P : TR NS Y 4.0 .. . (PO P S ——
w i § b 3 [ i ) 3 i
e T r N :
- : : : i I : | BN :
R e iR ok n N ———t ¢ — T e +
' N D ! T3 | i
: : ; i Pig i s
I3 T > = LI e e ks se 2] > et mvey co o
59 00 9 o mmam mpa T - — v o z ? = o4 00 = = e
=4 et~ — il Biss e - PSR S EDUNR N W S4 51 + . -
Fo-t ottt - T ; * - * .« . s
. t + ’ bt
cheqm b - . . i . o
i - . N aas oot
ettt -4 . : - bt + +—
pan 1l I
s nt o1 ; T = s
AR b - + F et
[P IS SPO e T 1 ¢
b Sy el it . T
Poaegered oo s IR Y
“,ll «'VQMA,M . T " N w
b 1B +
Pl : L e T
_..c&_. -4+-1 T BN 4
.},.;1?'+.1¢ po— s -t -t
oy ! N ) :
. i L] 1 )
O r e : !
T -
i — - - i
SRep prperey quap —
[P S S gy & e T
s pe rn T
"
ey T 5 Soneg Snaaeib:
T :
st b oy — 1 s D, e i et
e ! 1. il
”% N -
b, q.IYF
g ;
. - T e v nd " T T
P gy geen goy > . T
.wi M Sy 3 - + e -t
i : o H
M - RN Y
H 4 1 L1 Ea —
. il S B i
1 : L i
!
: i o8
+ a
+
I
+4 -+
1 M
&
K p
+
i - 3
i t
~ [ J L] - ~ [ J [ 4 L 4 o




e e N S

(1 = @/1) o1aey £3TOTIIUIIDY *SA IDI0] SSITUOTSUIUTL(Q /1 313

ONIYY3Ig8 J¥V o001 ‘Q3AQv01 ATIVYHINID

2 ALIDIYIN3OO]
ol 60 80 L0 90 G0 LAY €0 ¢0 I'0

\A 3

N
AN
\
\
\

o |

62b0SEl =3y L
Z L8IE8=9Y9
vy $9'028G =2y G
7/ G0'92E€ =9y ¥
/ I'8L€2 =9y €

20°€991 =9y 2
MO HYNINVT ¢

N
NN




O0g

o
~

N

90°

80°

70°

N -y
R
\\'»’#

ECCENTRICITY RATIO

o
>

e FLOW
=e=Re = 5820

60°

o
o

o
®

1.0
0

=—eRe: mo
At
my 0

-

10°

20°

30°

50°

40°

CENTRALLY LOADED, 100° ARC BEARING

Fig. 18

Eccentricity Ratios -

Attitude Angle Locus



o'l

- TIIITT > > % ~ T - + e
it w 3 3 e 3 - LH e
e i EanE : s 7 ;
o 1§23 Dt i Epes. =
A_»w . ~—y - $5 - 3
T I
NSt ESt N I 1
T “”: 4 “.w w
+ - —¢ - .
Ho¥ri -
hee
T p +
- T 1 B LﬂuﬁL =
4 . e AL
HH 1 TR
AR mE LS O 1 -
. ! ; T e ~ " t
I ! il . Aﬁ : T + ! +
T v ; ] i | ‘i :
' I
117 “7 | : | i 1 i
. i
i Bl i, | i
) INES B . -
2354 - T T
-+ 1258 A0 S Bin e CE N Aoe: -
y 13 s T
T + I8 n RS
IR . PR 88 :
. [l 1 188 t
R B ’ TR AN
v T H I \
*
e 4 et H
1
T ! Tt
T : 13001
; Wi &
+H +—11
! L B8 .
: "
Tt 1t T 1R BB
1] 15 N v ! ,
NN o '
T T |
i
ku B B LL
1 - o
+ y &9
T
r++ r T
1
L IS :
T T
-
- 1 - 4
- : o + t + T
~ T = o : 1
T . Y ¥
o8 08 8 o f-
19 8 * T 4H ~
10 BE NI
17 ™ T T
T
+ -+
i | J
T M /
i C )
IR
! R i
i i [ 1 i 1
o), © © . ~ - ~ © © - e ]
o
-—

s 1o

6

102

1o-!

0

Dimensionless Stiffness and Damping Coefficients
for Centrally Loaded, 1000 Arc Bearings (L/D = 1)

Fig. 19



Dimensionless Stiffness and Damping Coefficients

T Tt = ¥
i
- t
3 +
H
— :
t T
: o ;
i M
; . ! : ,
) T i —— : + +
+ : = et
T : .
P ! ; 14 }
o ' !
— . i
+
- .
p g 51 ;
- 1
T ) T il . :
- +— 4=t et : T :
——— + 1 + ve rum e
eeatmull S hs s ey owam sapys grmges —F
T 253 LT AT in i iF =
~1 T RiSya TEgERaTT
g g g i SR Senad el : .
M M — - : v S
el ey S SORHO! S0 appE SRS L e
s : Tl B Y AR : ;
- et ; : M
T N -
] ‘ .
L UV P T “ h s .
: - + T
e : . : 41 iNE
{ ! [T A. il d _P
- T = et age ‘
. s \ Vo a
—T I3 w.lo\‘ 5 TIITTTTSF " o4 2 :
: . ¥ : E
o ey T TTTITTT ! :
T ] 8389 BAN = .
[SLARUHEDIINREPERO 1 — I g b i -
p e gopaes Tegs s i
1 . : 1 JE- 38 iy
Te Inad ! T
bogedd - 3 ; ; : ,
il . nai ISR L
TETrIT I ¥
b <I: : : raas g _
i = s : . —
— T : I
= : -t !
- 1 t R T
<: SEaNRN T
T _.
B it
1
fd !
Ty
:
,__
+
_ ooy
‘ fngertet
t
-t 5
il %
T T
TS i

10

102

for Centrally Lpaded, 100° Arc Bearings (L/D = 1)

Fig. 20



-
I3

[ ]
I

107!

ok ! ‘
03 ¢ ' ° ! | 10

Fig. 21  Dimensionless Stiffness and Damping Coefficients
for Centrally Loaded, 100° Arc Bearings (L/D = 1)



-t

10"

0
103

'0-2 2 4 [ Olo_' ' |o
S

Fig. 22 Dimensionless Stiffness and Damping Coefficients
for Ceatrally Loaded, 100° Arc Bearings (L/D = 1)



10®

w T 3 1- -3 i3:3
. - 11 F T
~ T3 F- p - TI1 "
a S L1 HE 3 4 Ny
hd ! - | RuERG ] 1=
44 - SO0 S = -}
. B el eyt e S S AR
gy i g g g
L REPR
T TITTY AT
B e TR N
Lyl den
: 378 a
Jueh Syt tediagyd o
2 HH
'0 H:i
. H -
8 : 2
[
4 +
S8 = saass
x x } H+HH
28853
HE
2 7
| t
31 1 }
LN 1 pe |
- o !
'0 by = ';" 1
£7; T
8 H - I T b
T j > ”
H - 3
. T
1 1
41
N "
. :: 7YY
4 H4- 14444+ - o
F11 - s
111 - b
™ (1]
- iy ’r
2 3
an ¥ 13
ey
y
| i1
T o' 13 3 :
e s -
bt
[ -
¥ 3
h - Ny 4
L s
4
107
0 '
2 4 e 9 2 4 6 @

|o-2 2 4 [ O|o_' |
S

Fig. 23 Dimensionless Stiffness and Damping Coefficients
for Centrally Loaded, 100° Arc Bearings (L/D = 1)

10



Tt
384
1

it |

s
1
+t
IR
]
H
1

»
i
1

Fig. ?4 Dimensionless Stiffness and Damping Coefficients
far Centrally Loaded, 100° Arc Bearings (L/D = 1)



103

"] % gagus T3
~ 3 10 3
] - - - Y -3 4 Ny SED Sy Sip 49 4y % 4 -4
4 4 4
. 1 0 e o g ] ]
{ } L - - 444
4
¥ S Sl e 4 & . f- F33%443 H § ge
[ &4 & s i s of - S{EB g g [
+
b 14 + D 214
- ff 1 L-L L S .,,II
4 4'»1}
RRget
H
2 . . 11 1
H l 4 {5 +
v N ' \ \
T
. ag¢a
8 —1 +
444 .
[ }
71 4
44 bo 'Jl
4 - - T —= SRS’ T b oue
po sy S i ¢ 311 e & B o8 B8 bt o & b giaies
11 : == sinsgas S EaRp AINHESEIRI
pe I k__?‘ L EETRR
L ~ Noaw b
. [ Lh'f 4 e +H ]t e
. EebHE PO T e
]Q“]",’ + ¢ +
N 4 u),{___J 4y it
N T LT
Rl Hi
-+ . -4
N T LT
. HEEE = §4 s & <—.-i-' . ——F -4~ -4
d EREE3ssis S IS gwss g 1138
[ Ein e wsya e T R e e N T
. T M B SN O L 4y + t: +44
L1y ; s - St 1+t b4 4 H1 441 4444
HHHERRERGSEINE NG 4
N 1 1
4 =3 EEUSSEE IR A SR Al B2}
" T334, "”2 RSS20 I S
th i B Podel st RS S
1 . 11 [ SN R 13 ety
!.‘.‘. b stiihd - 4 + ¢+
3 -+ '
." Qﬁ_ .
T -
I~ [P -0 vee
Bps il AT
2a) J'r
' - -+ r 1
3 —— T R H 4 o 1 3
. -3 4 - ,- T - 444t ded- b4 44
o = 3 Z Pty ase 4 ! A T TR
hd -+ -+ -t 14 —p .
4 ERas s 33 slepm 4 _4* —$-§. 2 * E'«;_:
-4 - -1+ 4 - o H
H t- 4 |- 4-1-1 $-44
el o ¥ 11
e s
H
Wi 4
-4 b 144 4
411 Ll | L]
=

o2 * ol ¢ 10

S

Fig. 25 Dimensionless Stiffness and Damping Coefficients
for Centrally Loaded, 100° Arc Bearings (L/D = 1)



1)

ping Coefficients

Arc Bearings (L/D

T T x prm T -y T ()
3 issssasss N Hit 3 —
18085 BR W b e -
oo TSI S —F P ; beas
b Qi -+ =t -4 - 1IN 1 H —1 wr °
4 $—y— + b .w 44— + T + -+ +
N ! i T 1
N ! N T HE
13332 2. CEE BE IR HIIEI T ST LI L0 B335 24
b bR 4 SNt 1292
g . .-t~ 11t -t -+ - -
b e SN 194 ) e
e TR N 1 L H TN T esoe
' . T : ST o 15354 §1 Y08 17
PR .rv e HHH +
1S P B WIVGUES S 44 4 B e ++-
b B IR NI AR A 1 ; :
1 B! f i 1 b 3 . $odi e 1
L8 B T T t T Y VTTTT Y T T
- s .. d e
11808 IR B ! ; e aEEm T it
¢ . + + o >%
K IR B 11 ! \ vy '\ Il g ] '
‘ 4+ L rl/; ' klfl +
M 17 i
i ! 3881 1 | i | e i PLT
T + 1
o . b g e b 4
3 o pe 2 @ = 2SIt > > >
1 has 11 it 34 S0 0 VB ik il P03 Raw s N : +
1t * T )8 81 + T =+ 3t
FuN S200 8 BN ADN 0! o e B ; - &
* 19081 T T \BEE B
; S0 15005 50 S0 PSSR Sl 18 55 SRS ARSSBAL TR !
T MY 18 B E 1081 DR ) — ol v ' 4 POaS
8 t T IBES R 5 M B 114 H
Seopa urerorgs mpassam—.r s IR EEE S 2as
=it :
Rl - M s s e R s s oo mat i 4 3+ o
Yb¢..2..bl.l - . + -
M-”.3M|. 1 + T T "
...... — H e w .NN < : 188
— = -
D b’ REa N ! T T = M i T
80881 L T T T IS4 BEAR 1 : i il
310081 SN . T ™ 4l X
. - + * . - + * + <+
1 - HE i : ST i i it i —-—
8 1 \ w 1 i h . _,b_ 18 B g ; (]
o :
23 — o
T e T + -—
PED HPER SESSE By E e o + + 44+ =
M + . S Y
+ + g ©
-t S BEN T T N ) s -
bt + £ i : 4 b8 B 1: ! wt
| 1 t 1 | H 1 1 § 1 .
aEnE = 35832 I
T T }
S ¢ -+ T -
- y > —+
080 .N + 1 : m\ ¥
s T
y ¢
3 M H ~
1 5 It
- +
Tt 2.
T
! 1 o
—_—
)
- ] L 4 L] - -~ [ - ® - < '0

Dimensionless Stiffness and Dam

for Centrally Loaded, 100°

Fig. 26



L d

+
18
i

e SN

183
pas

-
T
b
e

[
’e
£+
=a
f-otr
:

»

0 102 10°! | 10

Fie. :7 Dimensionless Stiffness and Damping Coefficients
for Centrally lLoaded, 100° Arc Bearings (L/D = 1)

R R TR T IR R Rt



- =111 1
8
1T o -y p -
] nue » T 11
]
11T T

L 8
a
4

E

3

P S ’
2

L

| =

i

Lo Mo
™nNy

-4 .
8 | :
]
4 =2
3= =

- H+H
b

2 M

[ -+ :

. A e -
11,

4 : SSEEs *-T:

I

e

i

e

RS VB OREN
Hgr i
I ™
e

2
§
~?.!H§E - !
X b ‘,
| - :
$ L =17
. \ - ” - T - 7_‘,_3,'
. (s T T
X -1 ;
- Hit— A 4
4
] — TS =t
T —
4 ;4 - i
]
Ty
4 l’

2 4 [

107! . | 10

Fig. 28  Dimensionless Stiffness and Damping Coefficients
for Centrally Loaded, 100° Arc Bearings (L/D = 1)



103 R

»

pustne

111
H

Ty

-
-1

2 4 ¢ @

0 "
103 1072

Fig. 29 Dimensionless Stiffness and Damping Coefficients
for Centrally Loaded, 100° Ar: Bearings (L/D = 1)

10



T
'y — -4 -1 -t
- -4 -4 14 H4i41 -1 + HH
. » 3 11 T
4§44 4 - L4444
- 4 ~ — 444

4 -t 1 S+t B ol SR -4:1 T 4

=8 T

[ 3 a8 S B -

4
'

[ ] r g
[ ]
44
Py
+ ER SRSE2.E8
& By - sasn
HHHH
2
,
4
i
1
10 ! i LAl T
-+ : Biss
s e
- T
B8 0 g 0
] + t
r vr-l t- 4
+
.
4 1 L .
- 3 I P g
-4 1 o = i =
pm -

of \ £ HH B1! -
X ) 1 + -
s - ] 1 f oy ¢ - :r +H H
il ] i
4
284 oy . o H
LY
3 i
10"
0 Y (I
4 6 8o 4 4 ¢ 8 2 4

Fieo 0 Diweroplans Stiffners and Damping Coefficiea’a
for "errral oy Loadad, 109% Are Bearings /D = ")

10



I
.- +1
ps 3
s
08 BN
88 8B
T T
pe= >
N
SR SOBEH Sapd
D I S S
SO G OB >
Bt A A
o e
' ™ b
T ! t
B
T
- +
3-
pt
1
=TS =3
3 PRSbaRg] -
oL TR S o
P unt Sengni < i o
<+ . - -
e 4 raagen -

|
:

L
oo
P

=

|

t
MBI

|

1

-1?-{1!1!3302,2-
[SONQIGIRIRID G SORER BRI Same PSS
L P a0
1 T
b DU
T3 T
[ V!
=
H T =
7 -
! =
2. !
t -t |
‘ =
. -
RHINE
i T
RN
T
. e
H IR
BERIIN

103 ==

LI

Bearings <(/D =

Arc

~

Dimerafonless Stiffnesys and Damping Coeff{irients
100"

for Centrally Loaded,

i

Pig.



* 10

seea. b1 > 3 T ¥
saa=a ; = T :
o > . T IEE T =
- iyt ", s -t Page et — - . - pan bt -
19 TR I DD Y2 52 9 g 351 xo.luiﬂv —— - IR ¥ I Faa —d - : i
t ——t —— o ~ -
..AYIQ_I.._IIY' -y ——y - e l.'lt OKAtll — L s n . :
byt B T T e S T T e g T e e
=3 For e TNE L it H.HIJI. Moyl sy s e e R
= ITT : bull Sl S S 2 , s % =
S Gl IR TITEN Huwﬂb.v“up.m#r:nﬁu%ﬂ#ﬂﬂdli.:tl : X
—ye ! 1 -4 b o ~ B i e 'S
e 1T e R s S O e 0 gm
. N - . SOl e — RN ¥
I T TN — 4~ - - 1 : ;
i A = e ING - o ] Y,M,I. g b mlt
T T T N L T T T T TN ; B
! AN ] = A [ w
- -—— - — —— -— —-—— - -t —— Y..,. ——— ——s 4 P Sy ey - ——e
P e p-asa-amm T e~ T N . apqpane TETTINC
bt mge 4t - PP PP SORIFGSPERE GuPEPS - / + - - g - -

Bearings (L/D = i)

|

}
NV df
AL

N

|

|

|

!

!

!

'/r

1007 Are

e amanpens duh fhdide A = i o
S D SO [ o> T . e SR e 3 ] =
00 80 St e gplD S08S T Ly g 3 - 1T be :
$0.56 SR e g Syt - it e —F+ \ = s
D ot o e TR Y 1 r—- : — ; —t
) — 1 1 BEpENY I
bted e 1= —— g _ + - / -
.- . 3
s T t AW e b
BRI B GRVAODE B - S 1 RN B N3 MOA W -
. i
+ t ]

g

a3 Stiffrness and Pamping Coefficicnts

for Contraliv tnaded,

Dimeriafcry

"

4

T ey 7= =
Pt S Rap Sue 4 LRS- 3 M e~ > — = A% 7 S
TITITUTIITIITIIEIT IS e’ ewony t X
by e lﬂ PP R s paBgDas: —_— - - i Sy =
T ; ! P gy 0a: T T — E
[ HDEDOPEDENE SN PN RINREND SPIRIRDY - B - - o — S )
TR I’\ " T 3 i
H . ’ - -—— ——— - -
Pttt T 1 T TR A
TITTT g e cree s gy st
s IT s : 3= :
jootmat didiupdigs Sentaauren ;.
onouby T ey s, g papn epoapeua
3 —— - - SGRE DEHESIDED S0 - 1
iR Tt tae et &7 Sl Sots Sota : A :
: + [ [SS000E NI DRI : - , i
1 3 : - I 3 ! 3 1981
e 133 T 1 1 T : ; 1 =+
' .t - g + I ; B84
73 == 4 »
1 t ; ; e 1. Hiot
i . L

e g 8
-
At
LY
X
A §

1072 °

+
]

Fig.

H»,_.NM.Z.:

10°3

102
10



slsl le (o

il RS TR
L L |

=) et
ey
L
o
T ' I

Fig. 33 Arrangement of Dynamic Load Bearing Apparatus Major Components




SUPPORI
BEARING
HOUSING

et
f”%}ﬁiﬁwgééz
‘?‘éil‘@ Ay

UK DIRECTIORAL
10Dy
SYSTEN o

Fig. 34 Dynamic Load Bearing Apparatus



Fig. 35 Modified Partial Arc Bearing with Pressure Taps
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Fig. 72 Stiffness Coefficients - Re = 3820, p = 360°
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Fig. 73

Damping Coefficients

- Re = 5820, p = 360°
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(a) 53, 1bkload, Shaft and (b> 53 1b load, Shaft Rotates CW
ad Rotate CCW Load, CCW

(c) 172 1b load, Shaft and Load (d) 172 1b load, Shaft Rctates CW
Rotate CCW Load, CCW

Fig. 77 uvscilloscope Photographs of Shaft Response with Forward and Counter Rotating

Load. Two separate orbits are shown for counter rotation representing the
extremes of a beat effect,

Speed = 3500 rpm (5820 Re), B = 100°, C/R = & x 1073 in/in., 1 Large Division =
.53 x 10-3 inches,
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Fig. 79

Coordinate System
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Bearing Arc Nomenclature

Fig. 80
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Fig.
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Forces Acting on Experimental Rotor





